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THE UBIQUITY OF THE SYMPLECTIC HAMILTONIAN EQUATIONS IN
MECHANICS
PAULA BALSEIRO, MANUEL DE LEO´N, JUAN C. MARRERO, AND DAVID MARTI´N DE DIEGO
Abstract. In this paper, we derive a “hamiltonian formalism” for a wide class of mechanical sys-
tems, including classical hamiltonian systems, nonholonomic systems, some classes of servomecha-
nism... This construction strongly relies in the geometry characterizing the different systems. In
particular, we obtain that the class of the so-called algebroids covers a great variety of mechanical
systems. Finally, as the main result, a hamiltonian symplectic realization of systems defined on
algebroids is obtained.
1. Introduction
One of the most important equations in Mathematics and Physics are certainly the Hamilton
equations:
q˙i =
∂H
∂pi
, p˙i = −
∂H
∂qi
,
where (qi, pi) are canonical coordinates. Symplectic geometry allows us to write these equations in an
intrinsic way (see [1, 24]),
iXHωQ = dH . (1.1)
In equation (1.1), H : T ∗Q → R represents a Hamiltonian function defined on the cotangent bundle
T ∗Q of a configuration manifold Q and ωQ is the canonical symplectic form of the cotangent bundle
(in canonical coordinates, ωQ = dq
i∧dpi). The skew-symmetry of the canonical symplectic form leads
to conservative properties for the Hamiltonian vector field XH (preservation of the energy). On the
contrary, in other type of systems this conservative behavior is not required. For instance, from the
symmetry of a riemmanian metric it follows dissipative properties for the gradient vector field (see
[11]).
It is an universal belief that Equation (1.1) is only valid for free Hamiltonian systems. For other type
of systems, Equation (1.1) is, in general, not longer valid (for instance, in the presence of nonholonomic
constraints or dissipative forces, or in the case of gradient systems). In these cases, it is necessary
to modify Equation (1.1) adding some extra-terms of different nature: dissipative forces, constraint
forces, etc... (see [2, 6, 7, 8, 11, 29]).
Our approximation adopts a new point of view. First, it is necessary to understand the under-
lying geometry of Equation (1.1) which will permit us to conclude that Hamilton’s equations have
an ubiquity property: many different mechanical systems can be described by a symplectic equation
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constructed in the same way than in the standard case. Of course, this construction relies on the
different geometry behind each particular problem. We will show in this paper the main lines of that
construction. We should remark that, for the particular construction of Equation (1.1) in each differ-
ent mechanical problem, it will be necessary to introduce some sophisticated geometric techniques like
algebroids, prolongation of structures, lifting of connections [5, 14, 18, 19, 25] among others, which
are based on its underlying geometry.
Let us describe our method with more details. If we extract the geometric elements that appear in
Equation (1.1) we observe that ωQ = dq
i ∧ dpi is derived from the Liouville 1-form λQ = pidq
i, more
precisely, ωQ = −dλQ (see [1, 24] for details). In symplectic geometry terms we say that (T
∗Q,ωQ)
is an exact symplectic manifold. This structure induces a linear Poisson tensor field ΠT∗Q on T
∗Q
defined by
ΠT∗Q(dF, dG) = ωQ(XF , XG) ,
where XF and XG are the hamiltonian vector fields corresponding to the functions F : T
∗Q→ R and
G : T ∗Q→ R, respectively. In canonical coordinates
ΠT∗Q =
∂
∂qi
∧
∂
∂pi
.
A trivial, but interesting, comment is that the classical bracket of vector fields (the standard Lie
bracket) is induced by the linear Poisson tensor ΠT∗Q (and viceversa). In fact, there exists a one-to-
one correspondence between the space of vector fields on Q and the space of linear functions on T ∗Q.
Indeed, for each vector field X ∈ X(Q) the corresponding linear function X̂ : T ∗Q→ R is given by
X̂(κq) = 〈κq, X(q)〉,
where 〈 , 〉 is the natural pairing between vectors and covectors, and κq ∈ T
∗
qQ. Therefore, for
X,Y ∈ X(Q), the bracket of the two vector fields X and Y is characterized as the unique vector field
associated to the linear function −ΠT∗Q(dXˆ, dYˆ ). Observe that in coordinates
ΠT∗Q(dXˆ, dYˆ ) = pj
(
∂Xj
∂qi
Y i −
∂Y j
∂qi
X i
)
= −[̂X,Y ] .
In a schematic way we have
linear Poisson tensor ΠT∗Q ←→ standard Lie bracket on Q.
That is, we have that there exists a one-to-one correspondence between linear Poisson tensors on T ∗Q
and Lie algebra structures of vector fields on Q (see [12]).
As a preliminary conclusion, classical hamiltonian formulations strongly relies on the standard Lie
bracket of vector fields (or equivalently, the linear Poisson tensor on T ∗Q). Modifications of this
bracket (or the associated linear tensor) will presumably change the properties of the dynamics. For
example, if we do not impose the skew-symmetry of the bracket we will have a dissipative behavior,
since, in the cotangent bundle, we will obtain a 2-contravariant linear tensor field which is not neces-
sarily skew-symmetric [11]. Another property that it is possible to drop is the Jacobi identity, which
is related with the preservation of the symplectic form by the flow of the hamiltonian vector field. In
many interesting cases, as for instance nonholonomic mechanics (see [9, 10, 14]), it is well known that
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the Jacobi identity is equivalent to the integrability of the constraints, that is, to holonomic mechan-
ics. Since our objective is to obtain a geometric framework including all these cases, it is necessary to
work without imposing Jacobi identity, from the beginning, to our tensor field or associated bracket.
Moreover, the role of the tangent bundle is not essential, and we may change it for an arbitrary vector
bundle, and then the linear contravariant tensor field will be now defined on its dual bundle E∗ (see
[38]).
We will show that the category of algebroids is general enough to cover all the cases that we want
to analyze. An algebroid (see [15, 18, 19, 21, 31]) is, roughly speaking, a vector bundle τE : E → Q,
equipped with a bilinear bracket of sections BE : Γ(τE) × Γ(τE) → Γ(τE) and two vector bundle
morphisms ρlE : E → TQ and ρ
r
E : E → TQ satisfying a Leibniz-type property (see (2.1)). Observe
that properties like skew-symmetry or Jacobi identity are not considered in this category. This general
structure is equivalent to give a linear 2-contravariant tensor field ΠE∗ on its dual bundle E
∗. In
conclusion, we have that
linear contravariant tensor field ΠE∗ ←→ algebroid structure on E .
The main objective of this paper is to show that the general construction of the hamiltonian
symplectic formalism in classical mechanics remains essentially unchanged starting from the more
general framework of algebroids. This result, which is proved in three Theorems (Theorems 4.2, 4.3
and 5.1), constitutes the core of our paper. Additionally, we show how to apply these new techniques to
several examples of interest: (generalized)-nonholonomic mechanics, dissipative systems, and gradient
systems.
The paper is structured as follows. In Section 2 we define the notion of an algebroid and relate
this concept with Hamilton equations for general linear 2-contravariant tensor fields. Moreover, some
examples of interest are considered: gradient extension of dynamical systems, nonholonomic mechan-
ics and generalized nonholonomic mechanics. In Section 3, it is introduced the notion of an exact
symplectic algebroid, structure that will be necessary to formulate the main result of the paper: the
construction of a symplectic formulation of hamiltonian mechanics in the context of algebroids in
Sections 4 and 5. Finally, we apply the precedent results to the examples considered in Section 2.
2. Algebroids and Hamiltonian Mechanics
Let τE : E → Q be a real vector bundle over a manifold Q and Γ(τE) be the space of sections of
τE : E → Q.
Definition 2.1. An algebroid structure on E is a R-bilinear bracket
BE : Γ(τE)× Γ(τE)→ Γ(τE)
together with two vector bundles morphisms ρlE , ρ
r
E : E → TQ (left and right anchors) such that
BE(fσ, f
′σ′) = fρlE(σ)(f
′)σ′ − f ′ρrE(σ
′)(f)σ + ff ′BE(σ, σ
′) (2.1)
for f, f ′ ∈ C∞(Q) and σ, σ′ ∈ Γ(τE).
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The algebroid structure on τE : E → Q was defined in [15, 18, 19] and it is called a Leibniz algebroid
in [21, 31].
If the R-bilinear bracket BE is skew-symmetric we have a skew-symmetric algebroid structure [15]
(an almost Lie algebroid structure in the terminology of [23] or an almost-Lie structure in the termi-
nology of [32]). In such a case, the left anchor coincides with the right anchor: ρlE = ρ
r
E . In the sequel,
we will denote the bracket of sections in this skew-symmetric case by [[ , ]]E . On the other hand if the
bracket [[ , ]]E defines a Lie algebra structure on the space Γ(τE) then the pair ([[ , ]]E , ρE = ρ
l
E = ρ
r
E)
is a Lie algebroid structure on the vector bundle τE : E → Q (see [28]).
Another interesting case is when the R-bilinear bracket BE is symmetric, then we have a symmetric
algebroid structure. In such a case, ρlE = −ρ
r
E.
Now, note that there exists a one-to-one correspondence between the space Γ(τE) of sections of the
vector bundle τE : E → Q and the space of linear functions on E
∗. In fact, if σ ∈ Γ(τE) then the
corresponding linear function σ̂ on E∗ is given by
σ̂(κ) = κ(σ(τE∗(κ))) = 〈κ, σ(τE∗(κ))〉, for κ ∈ E
∗,
where τE∗ : E
∗ → Q is the vector bundle projection.
An algebroid structure (BE , ρ
l
E , ρ
r
E) on a vector bundle τE : E → Q induces a linear tensor ΠE∗
of type (2,0) on E∗. In fact, if {·, ·}ΠE∗ : C
∞(E∗) × C∞(E∗) → C∞(E∗) is the induced bracket of
functions given by
{ϕ, ψ}ΠE∗ = ΠE∗(dϕ, dψ), for ϕ, ψ ∈ C
∞(E∗),
then we have that
{σ̂, σ̂′}ΠE∗ = −
̂BE(σ, σ′), {σ̂, f
′ ◦ τE∗}ΠE∗ = −ρ
l
E(σ)(f
′) ◦ τE∗
{f ◦ τE∗ , σ̂′}ΠE∗ = ρ
r
E(σ
′)(f) ◦ τE∗ , {f ◦ τE∗ , f
′ ◦ τE∗}ΠE∗ = 0, (2.2)
for σ, σ′ ∈ Γ(τE) and f, f
′ ∈ C∞(Q) (see [15, 18, 19]).
A curve γ : I → E is ρlE-admissible (respectively, ρ
r
E-admissible) if
d
dt
(τE ◦γ) = ρ
l
E ◦γ (respectively,
d
dt
(τE ◦ γ) = ρ
r
E ◦ γ).
In the particular case when E is a skew-symmetric algebroid it follows that ΠE∗ is a linear 2-vector
on E∗ (or an almost Poisson structure on E∗ in the terminology of [23]). If E is a Lie algebroid, the
bracket {·, ·}ΠE∗ satisfies the Jacobi identity and ΠE∗ is a Poisson structure on E
∗ (see [12, 23, 27, 38]).
Now let H : E∗ → R be a Hamiltonian function on E∗. Then one may consider the Hamiltonian
vector field HΠE∗H of H with respect to ΠE∗ , that is,
H
ΠE∗
H (F ) = −{H,F}ΠE∗ , for F ∈ C
∞(E∗).
The integral curves of the vector field HΠE∗H are the solutions of the Hamilton equations for H .
Next, we will obtain some local expressions.
Suppose that (qi) are local coordinates on Q and that {σα} is a local basis of the space Γ(τE) such
that
BE(σα, σβ) = (BE)
γ
αβeγ , ρ
l
E(σα) = (ρ
l
E)
i
α
∂
∂qi
, ρrE(σβ) = (ρ
r
E)
j
β
∂
∂qj
. (2.3)
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The local functions (BE)
γ
αβ , (ρ
l
E)
i
α
and (ρrE)
j
β
are called the local structure functions of algebroid
τE : E → Q.
Denote by (qi, pα) the induced local coordinates on E
∗. Then using (2.2) and (2.3), it follows that
ΠE∗ = (ρ
r
E)
i
α
∂
∂qi
⊗
∂
∂pα
− (ρlE)
j
β
∂
∂pβ
⊗
∂
∂qj
− (BE)
γ
αβpγ
∂
∂pα
⊗
∂
∂pβ
.
Therefore, the Hamiltonian vector field of H is given by
H
ΠE∗
H = (ρ
l
E)
i
α
∂H
∂pα
∂
∂qi
−
(
(ρrE)
j
β
∂H
∂qj
− (BE)
γ
αβpγ
∂H
∂pα
)
∂
∂pβ
, (2.4)
which implies that the local expression of the Hamilton equations is
dqi
dt
= (ρlE)
i
α
∂H
∂pα
,
dpβ
dt
= −
{
(ρrE)
j
β
∂H
∂qj
− (BE)
γ
αβpγ
∂H
∂pα
}
.
Remark 2.2. Working with not in general skew-symmetric or symmetric tensors it is possible to
distinguish two different dynamics (one on the left and one on the right). Therefore, we can obtain
also a different Hamiltonian vector field H˜ΠE∗H of H with respect to ΠE∗ :
H˜
ΠE∗
H (F ) = {F,H}ΠE∗ , for F ∈ C
∞(E∗).
In coordinates,
H˜
ΠE∗
H = (ρ
r
E)
i
α
∂H
∂pα
∂
∂qi
−
(
(ρlE)
j
β
∂H
∂qj
+ (BE)
γ
βαpγ
∂H
∂pα
)
∂
∂pβ
.
In the sequel we only consider the vector field HΠE∗H since the analysis for H˜
ΠE∗
H is similar.
2.1. First example. A symmetric case: Gradient extension of a dynamical system. Let Q
be an n-dimensional manifold. Let G be a riemannian metric on Q, i.e, a positive-definite symmetric
(0, 2)-tensor on Q. Associated to G we have the associated musical isomorphisms
♭G : X(Q) −→ Λ
1(Q), ♭G(X)(Y ) = G(X,Y ),
♯G(µ) = ♭
−1
G
(µ)
where X,Y ∈ X(Q) and µ ∈ Λ1(Q). In coordinates (qi) on Q, the metric is expressed as G =
Gij(q)dq
i ⊗ dqj .
Fixed a function f ∈ C∞(M), it is defined the gradient vector field associated to f as gradG(f) =
♯G(df). In coordinates,
gradG(f) = G
ij ∂f
∂qj
∂
∂qi
where (Gij) is the inverse matrix of (Gij).
Associated with the metric G there is an affine connection ∇G, called the Levi-Civita connection
determined by:
[X,Y ] = ∇GXY −∇
G
YX (symmetry)
X(G(Y, Z)) = G(∇GXY, Z) + G(Y,∇
G
XZ) (metricity) ,
(2.5)
where X,Y, Z ∈ X(Q). Locally, ∇G∂
∂qj
∂
∂qk
= Γijk
∂
∂qi
where the Christoffel symbols Γijk of ∇
G are given
by
Γijk =
1
2
Gik
′
(
∂Gk′j
∂qk
+
∂Gk′k
∂qj
−
∂Gjk
∂qk′
)
.
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Consider now the symmetric product :
BTQ(X,Y ) = ∇
G
XY +∇
G
YX X,Y ∈ X(Q).
Locally,
BTQ(
∂
∂qj
,
∂
∂qk
) =
(
Γijk + Γ
i
kj
) ∂
∂qi
= 2Γijk
∂
∂qi
.
It is well known that the symmetric product is an element crucial in the study of various aspects of
mechanical control systems such us controllability, motion planning, (see for example [3]) and also
characterize when a distribution is geodesically invariant [26]. Now define the left and right anchors by,
ρlTQ = idTQ and ρ
r
TQ = −idTQ. The tangent bundle equipped with (BTQ, ρ
l
TQ, ρ
r
TQ) is a (symmetric)
algebroid.
This structure induces a linear tensor ΠT∗Q of type (2,0) on T
∗Q. In local coordinates (qi, pi) on
T ∗Q, the bracket relations induced by this tensor field are:
{qi , qj}ΠT∗Q = 0, {q
i , pj}ΠT∗Q = −δ
i
j
{pi , q
j}ΠT∗Q = −δ
j
i , {pi , pj}ΠT∗Q = −2pkΓ
k
ij .
Given an arbitrary vector field X ∈ X(Q) one may define the function HX : T
∗Q −→ R by HX(κ) =
〈κ,Xq〉, for κ ∈ T
∗
qQ, that is, HX = X̂ . In coordinates, HX(q
i, pi) = piX
i(q).
The hamiltonian vector field H
ΠT∗Q
HX
is
H
ΠT∗Q
HX
= X i(q)
∂
∂qi
+ pk
(
∂Xk
∂qj
+ 2ΓkijX
i
)
∂
∂pj
,
The equations for its integral curves are:
q˙i = X i(q)
p˙j = pk
(
∂Xk
∂qj
+ 2ΓkijX
i
)
. (2.6)
These equations are the gradient extension of the nonlinear equation q˙i = X i(q) (see [11]).
2.2. Second example. An antisymmetric case: Nonholonomic Mechanics. Let τE : E → Q
be a Lie algebroid over a manifold Q and denote by ([[·, ·]]E , ρE) the Lie algebroid structure on E.
Following [23], a mechanical system subjected to linear nonholonomic constraints on E is a pair
(L,D), where L : E → R is a Lagrangian function of mechanical type, that is,
L(e) =
1
2
G(e, e)− V (τE(e)), for e ∈ E, (2.7)
with G : E ×Q E → R a bundle metric on E and D the total space of a vector subbundle τD : D → Q
of E such that rankD = m. The vector subbundle D is said to be the constraint subbundle.
Denote by iD : D → E the canonical inclusion and consider the orthogonal decomposition E =
D ⊕D⊥ and the associated orthogonal projectors P : E → D and Q : E → D⊥.
The Levita-Civita connection ∇G : Γ(τE) × Γ(τE) → Γ(τE) associated to the bundle metric G is
defined in a similar way than in (2.5) (see [10]). It is determined by the formula:
2G(∇Gσσ
′, σ′′) = ρE(σ)(G(σ
′, σ′′)) + ρE(σ
′)(G(σ, σ′′))− ρE(σ
′′)(G(σ, σ′))
+G(σ, [[σ′′, σ′]]E) + G(σ
′, [[σ′′, σ]]E)− G(σ
′′, [[σ′, σ]]E)
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for σ, σ′, σ′′ ∈ Γ(τE). The solutions of the nonholonomic problem are the ρE-admissible curves γ :
I −→ D such that (see [9, 10])
∇G
γ(t)(γ(t)) + gradGV (τD(γ(t))) ∈ D
⊥
τD(γ(t))
. (2.8)
Here, gradGV is the section of τE : E → Q which is characterized by
G(gradGV, σ) = ρE(σ)(V ), for σ ∈ Γ(τE).
Now, we will derive the equations of motion (2.8) using the general procedure introduced in Section
2. First, we define on the vector bundle τD : D −→ Q the following skew-symmetric algebroid structure:
[[σ, σ′]]D = P ([[iD ◦ σ, iD ◦ σ
′)]]E), ρD(σ) = ρE(iD ◦ σ), (2.9)
for σ, σ′ ∈ Γ(τD).
This skew-symmetric algebroid induces a linear almost-Poisson tensor field ΠD∗ on the dual bundle
D∗. In [23], it is shown that this structure is also induced from the linear Poisson bracket {·, ·}ΠE∗
on E∗:
{ϕ, ψ}ΠD∗ = {ϕ ◦ i
∗
D, ψ ◦ i
∗
D}ΠE∗ ◦ P
∗, (2.10)
for ϕ, ψ ∈ C∞(D∗), where i∗D : E
∗ → D∗ and P ∗ : D∗ → E∗ are the dual maps of the monomorphism
iD : D → E and the projector P : E → D, respectively.
Next, suppose that (qi) are local coordinates on an open subset U of Q and that {σα} = {σa, σA}
is a basis of sections of the vector bundle τ−1E (U) → U such that {σa} (respectively, {σA}) is an
orthonormal basis of sections of the vector subbundle τ−1D (U)→ U (respectively, τ
−1
D⊥
(U)→ U). We
will denote by (qi, vα) = (qi, va, vA) the corresponding local coordinates on E. Observe, now, that in
this coordinates the equations defining D as a vector subbundle of E are:
vA = 0, for all A.
On the other hand, [[σb, σc]]D = C
a
bcσa and ρD(σa) = (ρD)
i
a
∂
∂qi
= (ρE)
i
a
∂
∂qi
, where Cγαβ and (ρE)
i
α
are the structure functions of the Lie algebroid τE : E −→ Q with respect to the local basis {σα}.
If we denote by (qi, pa) the induced local coordinates on D
∗, then { , }ΠD∗ is determined by the
following bracket relations:
{qi , qj}ΠD∗ = 0, {q
i , pa}ΠD∗ = −{pa, q
i}ΠD∗ = (ρD)
i
a, {pa , pb}ΠD∗ = −pcC
c
ab .
Now, denote by 〈 , 〉G : E
∗ ×Q E
∗ → R the bundle metric on E∗ induced by G. Then, define the
hamiltonian function HE∗ : E
∗ −→ R (the Hamiltonian energy) by:
HE∗(κq) =
1
2
〈κq, κq〉G + V (q), κq ∈ E
∗
q
Next, we consider the constrained Hamiltonian function HD∗ on D
∗ given by
HD∗ = HE∗ ◦ P
∗ : D∗ −→ R. (2.11)
Therefore,
H
ΠD∗
HD∗
= (ρD)
i
a
∂HD∗
∂pa
∂
∂qi
− ((ρD)
i
b
∂HD∗
∂qi
− Ccabpc
∂HD∗
∂pa
)
∂
∂pb
, (2.12)
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and the Hamilton equations are
dqi
dt
= (ρD)
i
a
∂HD∗
∂pa
,
dpb
dt
= −((ρD)
i
b
∂HD∗
∂qi
− Ccabpc
∂HD∗
∂pa
).
In the induced local coordinates:
HD∗(q
i, pa) =
1
2
m∑
a=1
p2a + V (q
i),
and the Hamilton equations are
dqi
dt
= (ρD)
i
apa,
dpb
dt
= −
(
(ρD)
i
b
∂V
∂qi
− Ccabpcpa
)
. (2.13)
Remark 2.3. The Legendre transformation associated with the Lagrangian function L is just the
musical isomorphism ♭G : E → E
∗ induced by the bundle metric G (for the definition of the Legendre
transformation associated with a Lagrangian function L : E → R, see [25]). The constrained Legendre
transformation Leg(L,D) : D → D
∗ associated with the nonholonomic system (L,D) is the vector
bundle isomorphism induced by the restriction of G to the vector subbundle τD : D → Q (see [23]).
In other words,
Leg(L,D) = i
∗
D ◦ LegL ◦ iD = i
∗
D ◦ ♭G ◦ iD.
Thus, it is easy to prove that
LegL(q
i, vα) = (qi, vα), Leg(L,D)(q
i, va) = (qi, va).
On the other hand, from (2.8), it follows that a curve
γ : I → D, γ(t) = (qi(t), va(t))
is a solution of the nonholonomic problem if and only if
dqi
dt
= (ρD)
i
av
a,
dvb
dt
= −
(
(ρD)
i
b
∂V
∂qi
− Ccabv
cva
)
.
Therefore, we deduce that a curve γ : I → D is a solution of the nonholonomic problem if and only if
the curve Leg(L,D) ◦ γ : I → D
∗ is a solution of the Hamilton equations (2.13).
Consequently, Eqs. (2.13) may be considered as the nonholonomic Hamilton equations for the
constrained system (L,D).
2.3. Third Example. Mixed cases:
2.3.1. Generalized nonholonomic systems on Lie algebroids.
In this section we will discuss Lagrangian systems on a Lie algebroid τE : E → Q subjected to
generalized nonholonomic constraints (see [2, 6]).
As in the classical nonholonomic case, the kinematic constraints are described by a vector subbundle
τD : D → Q of τE : E → Q. Therefore, to determine the dynamics it is only necessary to fix a bundle
of reaction forces which vanishes on a vector subbundle D˜ of E. We have that, in general, D 6= D˜.
The case D = D˜, classical nonholonomic mechanics, was studied in Subsection 2.2. The case D 6= D˜
appears in many interesting problems, for instance when the restriction is realized by the action of a
servo mechanism [29] or for rolling tyres as in [6].
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We will call τD˜ : D˜ → Q the variational subbundle. It is important to note that D˜ can not be
deduced from the kinematic constraints, as the virtual displacements are in classical nonholonomic
mechanics.
Now, let G : E ×Q E → R be a bundle metric on the vector bundle τE : E → Q and V : Q→ R ∈
C∞(Q). If rankD = rankD˜ and L : E → R is the Lagrangian function of mechanical type given by
L(e) =
1
2
G(e, e)− V (τE(e)), for e ∈ E,
then the triple (L,D, D˜) will be called a mechanical system subject to generalized linear nonholonomic
constraints on E.
We will assume that D˜ satisfies the compatibility condition
Eq = Dq ⊕ D˜
⊥
q , ∀ q ∈ Q, (2.14)
with D˜⊥q the orthogonal complement of D˜q in Eq with respect to scalar product Gq. It is obvious
that, in particular, this property holds in the classical non-holonomic case D˜ = D. In the general
case, we have that the equations of motion of such a system are given by δLγ(t) ∈ D˜
0
τD(γ(t))
, for a
ρE-admissible curve γ : I → D, or equivalently,
d
dt
(τE ◦ γ) = ρ
l
E ◦ γ,
∇G
γ(t)γ(t) + gradGV (q(t)) ∈ D˜
⊥
q(t),
γ(t) ∈ Dq(t),
(2.15)
where q = τD ◦ γ.
Now, suppose that (qi) are local coordinates on an open subset U of Q and that {σα} = {σa, σA}
is a basis of sections of the vector bundle τ−1E (U) → U such that {σa} (respectively, {σA}) is an
orthonormal basis of sections of the vector subbundle τ−1D (U) → U (respectively, τ
−1
D˜⊥
(U) → U). In
other words, we have a local basis of sections adapted to the decomposition E = D ⊕ D˜⊥. We will
denote by (qi, vα) = (qi, va, vA) the corresponding local coordinates on E. The equations defining D
as a vector subbundle of E are:
vA = 0, for all A.
Thus, the equations of motion (2.15) are given by{
v˙c = vavbC˜abc − (ρ
r
D)
i
c
∂V
∂qi
q˙i = (ρlD)
i
av
a.
(2.16)
where the functions C˜cab, (ρ
l
D)
i
b and (ρ
r
D)
i
b are properly deduced in Appendix B.
Based on the compatibility condition, it seems natural to consider some decompositions of the
original vector bundle E. In particular, we will use
E = D ⊕D⊥ and E = D˜ ⊕D⊥
with associated projectors:
P : D ⊕D⊥ → D and Π : D˜ ⊕D⊥ → D˜ (2.17)
respectively, and the correspondent inclusions iD : D → E and i eD : D˜ → E.
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Next, denote by ([[·, ·]]E , ρE) the Lie algebroid structure on the vector bundle τE : E → Q. Then
the bracket on D given by
BD(σ, σ
′) := P ([[iD(σ) , i eD ◦Π(σ
′)]]E), for σ, σ
′ ∈ Γ(τD) (2.18)
and the anchors maps
ρlD := ρE ◦ iD (2.19)
ρrD := ρE ◦ i eD ◦Π (2.20)
define an algebroid structure (BD, ρ
l
D, ρ
r
D) on the vector bundle τD : D → Q with local structure
functions C˜cab, (ρ
l
D)
i
a and (ρ
r
D)
i
a (see Appendix B). Note that, in general, C˜
c
ab 6= −C˜
c
ba.
On the other hand, if we denote by (qi, pa) the corresponding local coordinates on D
∗ then the
linear bracket { , }ΠD∗ on D
∗ is determined by the following relations:
{qi , qj}ΠD∗ = 0, {q
i , pa}ΠD∗ = (ρ
r
D)
i
a, {pa , q
i}ΠD∗ = −(ρ
l
D)
i
a {pa , pb}ΠD∗ = −pcC˜
c
ab .
Now, we take the Hamiltonian function HE∗ : E
∗ → R (the Hamiltonian energy) defined by
HE∗(κq) =
1
2
< κq, κq >G +V (q), for κq ∈ E
∗
q
where< ·, · >G is the bundle metric on τE∗ : E
∗ → R induced by G. Then, the constrained Hamiltonian
function HD∗ : D
∗ → R is given by
HD∗ = HE∗ ◦ P
∗.
Thus,
H
ΠD∗
HD∗
= (ρlD)
i
a
∂HD∗
∂pa
∂
∂qi
−
(
(ρrD)
j
b
∂HD∗
∂qj
− C˜cabpc
∂HD∗
∂pa
)
∂
∂pb
, (2.21)
which implies that the local expression of the Hamilton equations is
dqi
dt
= (ρlD)
i
a
∂HD∗
∂pa
,
dpb
dt
= −
{
(ρrD)
j
b
∂HD∗
∂qj
− C˜cabpc
∂HD∗
∂pa
}
.
In the induced local coordinates:
HD∗(q
i, pa) =
1
2
m∑
a=1
p2a + V (q
i),
and the Hamilton equations are
dqi
dt
=
m∑
a=1
(ρlD)
i
apa,
dpb
dt
= −
(
(ρrD)
i
a
∂V
∂qi
−
m∑
b=1
C˜cabpcpa
)
. (2.22)
Remark 2.4. Note that if Leg(L,D) : D → D
∗ is the constrained Legendre transformation, that is,
Leg(L,D) = i
∗
D ◦ ♭G ◦ iD
then, as the nonholonomic case (see Section 2.2), we deduce that a curve γ : I → D is a solution of
the motion equations (2.16) if and only if the curve Leg(L,D) ◦γ : I → D
∗ is a solution of the Hamilton
equations (2.22). Thus, Eqs. (2.22) may be considered as the generalized nonholonomic Hamilton
equations for the generalized linear nonholonomic system (L,D, D˜).
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2.3.2. Lagrangian mechanics for modifications of the standard Lie bracket.
Now, we analyze another example that is of our interest since it has a non skew-symmetric bracket.
Consider the case of the standard tangent bundle τTQ : TQ→ Q, a Lagrangian L of mechanical type
L(v) =
1
2
G(v, v) − V (τTQ(v)), for v ∈ TQ,
and an arbitrary (1, 2)-tensor field T :
T : X(Q)× X(Q)→ X(Q)
It is easy to show that if we modify the standard Lie bracket [·, ·] on X(Q) by
BTQ(X,Y ) = [X,Y ] + T (X,Y )
then (TQ,BTQ, idTQ, idTQ) is an algebroid.
If we take local coordinates (qi) and
T (
∂
∂qi
,
∂
∂qj
) = T kij
∂
∂qk
then
BTQ(
∂
∂qi
,
∂
∂qj
) = T kij
∂
∂qk
and, therefore, (BTQ)
k
ij = T
k
ij . Thus, the linear bracket {·, ·}ΠT∗Q on T
∗Q is characterized by the
following relations
{qi, qj}ΠT∗Q = 0, {q
i, pj}ΠT∗Q = −{pi, q
j}ΠT∗Q = δ
j
i , {pi, pj}ΠD∗ = −pkT
k
ij .
In this case, the Hamiltonian function HT∗Q : T
∗Q→ R is given by
HT∗Q(κ) =
1
2
< κ, κ >G +V (τT∗Q(κ)), for κ ∈ T
∗Q.
Thus, if G = Gijdq
i ⊗ dqj it follows that
HT∗Q(q
i, pi) =
1
2
G
ij(q)pipj + V (q)
and then the associated Hamilton equations are
dqi
dt
= Gikpk,
dpj
dt
= −
1
2
∂Gik
∂qj
pipk −
∂V
∂qj
− T kijG
ilpkpl. (2.23)
Note that {HT∗Q, HT∗Q}ΠT∗Q = −T
k
ijG
ilGjmpkplpm and the dynamics has in general a dissipative
behavior. An interesting case, is when the tensor field T is skew-symmetric (T (X,Y ) = −T (Y,X) for
allX,Y ∈ X(Q)) then the hamiltonianHT∗Q is preserved, dHT∗Q/dt = 0 along the flow. An important
example, when this condition is fulfilled, is the following one. Consider, as above, a riemannian
manifold (Q,G) and an arbitrary affine connection ∇. Take the (1, 2) tensor field S which encodes the
difference between it and the Levi-Civita connection corresponding to the riemannian metric, that is,
∇XY = ∇
G
XY + S(X,Y ).
This tensor field is called the contorsion tensor field (see [34]; and also [4, 8]).
Now, consider as T (X,Y ) = S(X,Y )− S(Y,X), and the bracket of vector fields:
BTQ(X,Y ) = ∇XY −∇YX = [X,Y ] + S(X,Y )− S(Y,X). (2.24)
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We obtain (2.23) but now the flow preserves the Hamiltonian function. Equations (2.23) are important
in the modellization of generalized Chaplygin systems ([4, 8] and references therein), where now the
connection ∇ is a metric connection with torsion.
3. Exact symplectic algebroids and Hamiltonian vector fields
In this section we will introduce the notion of an exact symplectic algebroid and we will prove that
for such an algebroid τE¯ : E¯ → Q¯, if F is a real C
∞-function on the base manifold Q¯, then F induces
a Hamiltonian vector field on Q¯.
First, we will give the definitions of the two differentials of a real C∞-function F on the base
manifold Q¯ of an arbitrary vector bundle τE¯ : E¯ → Q¯ with an algebroid structure (BE¯ , ρ
l
E¯
, ρr
E¯
). We
will also give the definition of the differential of a section of the vector bundle τE¯∗ : E¯
∗ → Q¯.
In fact, the left differential dl
E¯
F of F is given by
(dl
E¯
F )(σ) = ρl
E¯
(σ)(F ), (3.1)
and the right differential dr
E¯
F of F is
(dr
E¯
F )(σ) = ρr
E¯
(σ)(F ), (3.2)
for σ ∈ Γ(τE¯).
On the other hand, if κ : Q¯ → E¯∗ is a section of the dual vector bundle τE¯∗ : E¯
∗ → Q¯ then the
differential of κ is the section dlr
E¯
κ of the vector bundle τ⊗02E¯∗ : ⊗
0
2E¯
∗ → Q¯ defined by
(dlr
E¯
κ)(σ, σ′) = ρl
E¯
(σ)(κ(σ′))− ρr
E¯
(σ′)(κ(σ)) − κ(BE¯(σ, σ
′)) (3.3)
for σ, σ′ ∈ Γ(τE¯). Note that, from (2.1), it follows that d
lr
E¯
κ ∈ Γ(τ⊗02E¯∗).
If (qi) are local coordinates on Q¯, {σα} is a local basis of Γ(τE¯), {σ
α} is the dual basis of Γ(τE¯∗)
and κ = κγσ
γ then
dl
E¯
F = (ρl
E¯
)
i
α
∂F
∂qi
σα, dr
E¯
F = (ρr
E¯
)
i
α
∂F
∂qi
σα
dlr
E¯
κ =
{
(ρl
E¯
)
i
β
∂κγ
∂qi
− (ρr
E¯
)
i
γ
∂κβ
∂qi
+ (BE¯)
µ
βγκµ
}
σβ ⊗ σγ ,
where (BE¯)
µ
βγ , (ρ
l
E¯
)
i
β
and (ρr
E¯
)i
γ
are the local structure functions of τE¯ : E¯ → Q¯ with respect to the
local coordinates (qi) and the local basis {σα}. Furthermore, if F ∈ C
∞(Q¯) and κ ∈ Γ(τE¯∗), we have
that
dlr
E¯
(Fκ) = Fdlr
E¯
κ+ dl
E¯
F ⊗ κ− κ⊗ dr
E¯
F.
Definition 3.1. A vector bundle τE¯ : E¯ → Q¯ with an algebroid structure (BE¯ , ρ
l
E¯
, ρr
E¯
) is said to
be exact symplectic if there exists λE¯ ∈ Γ(τE¯∗) such that the tensor of type (0, 2) ΩE¯ defined by
ΩE¯ = −d
lr
E¯
λE¯ ∈ Γ(τ⊗02(E¯)∗) is skew-symmetric and nondegenerate.
Thus, if τE¯ : E¯ → Q¯ is an exact symplectic algebroid then the map ♭
l
ΩE¯
: Γ(τE¯)→ Γ(τE¯∗) given by
♭lΩE¯ (X) = iXΩE¯ = XyΩE¯, for X ∈ Γ(τE¯)
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is an isomorphism of C∞(Q¯)-modules. Therefore, for a real C∞-function H¯ on Q¯ (a Hamiltonian
function) we may consider the right Hamiltonian section H
(ΩE¯ ,r)
H¯
of H¯ defined by
H
(ΩE¯ ,r)
H¯
= (♭lΩE¯ )
−1(dr
E¯
H¯) ∈ Γ(τE¯) (3.4)
and the left-right Hamiltonian vector field H
(ΩE¯ ,lr)
H¯
of H¯ on Q¯ given by
H
(ΩE¯ ,lr)
H¯
= ρl
E¯
(
H
(ΩE¯ ,r)
H¯
)
∈ X(Q¯).
The integral curves of H
(ΩE¯ ,lr)
H¯
are called the solutions of the Hamilton equations for H¯.
4. An exact symplectic formulation of the Hamiltonian dynamics on an algebroid
In this section, we will propose an exact symplectic formulation of the Hamiltonian dynamics
on an algebroid. First, we will see how the bracket of sections of an arbitrary algebroid structure
(BE , ρ
l
E , ρ
r
E) on a vector bundle τE : E → Q may be written in terms of a suitable ρ
l
E-connection and
a ρrE-connection (for the definition of a ρ
l
E-connection and a ρ
r
E-connection, see Appendix A). More
precisely, we will prove the following result:
Proposition 4.1. (1) Let τE : E → Q be a vector bundle and ρ
l
E : E → TQ, ρ
r
E : E → TQ two
anchor maps. If Dl : Γ(τE)×Γ(τE)→ Γ(τE) (respectively, D
r : Γ(τE)×Γ(τE)→ Γ(τE)) is a
ρlE-connection (respectively, ρ
r
E-connection) on τE : E → Q then (BE , ρ
l
E , ρ
r
E) is an algebroid
structure on τE : E → Q, where BE : Γ(τE)× Γ(τE)→ Γ(τE) is the bracket defined by
BE(σ, σ
′) = Dlσσ
′ −Drσ′σ for σ, σ
′ ∈ Γ(τE). (4.1)
(2) Let (BE , ρ
l
E, ρ
r
E) be an algebroid structure on a real vector bundle τE : E → Q. Then, there
exists a ρlE-connection D
l (respectively, ρrE-connection D
r) such that
BE(σ, σ
′) = Dlσσ
′ −Drσ′σ for σ, σ
′ ∈ Γ(τE).
Proof.
(1) From (A.1) (in Appendix A) and (4.1), it follows that (BE , ρ
l
E , ρ
r
E) is an algebroid structure
on the vector bundle τE : E → Q.
(2) Suppose that D˜l : Γ(τE) × Γ(τE) → Γ(τE) (respectively, D˜
r : Γ(τE) × Γ(τE) → Γ(τE)) is an
arbitrary ρlE-connection (respectively, ρ
r
E-connection) on τE : E → Q. Note that the vector
bundle τE : E → Q admits a ρ
l
E-connection and a ρ
r
E-connection (see Remark A.3 in Appendix
A). Then, we may introduce the map T : Γ(τE)× Γ(τE)→ Γ(τE) given by
T (σ, σ′) = BE(σ, σ
′)− D˜lσσ
′ + D˜rσ′σ for σ, σ
′ ∈ Γ(τE).
It is easy to check that T is a section of the vector bundle τ⊗02E∗ : ⊗
0
2E
∗ → Q. Thus,
BE(σ, σ
′) = Dlσσ
′ −Drσ′σ for σ, σ
′ ∈ Γ(τE),
where Dl and Dr are the ρlE-connection and the ρ
r
E-connection, respectively, defined by
Dlσσ
′ = D˜lσσ
′ Drσ′σ = D˜
r
σ′σ − T (σ, σ
′).

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Let τE : E → Q be an algebroid with structure (BE , ρ
l
E , ρ
r
E), H : E
∗ → R be a Hamiltonian
function on E∗ and HΠE∗H be the corresponding Hamiltonian vector field on E
∗ (see section 2).
Let us, also, consider the vector bundle τTE
l
E∗ : T
E
l E
∗ → E∗ over E∗ whose fiber at the point
κq ∈ E
∗
q is
(TEl E
∗)κq = {(σq, X˜κq) ∈ Eq × TκqE
∗ / ρlE(σq) = (TκqτE∗)(X˜κq )}.
TEl E
∗ is called the the left E-tangent bundle to E∗ (see [25, 30] and references therein).
Now, we will prove the two main results of our paper.
Theorem 4.2. The vector bundle τTE
l
E∗ : T
E
l E
∗ → E∗ admits an exact symplectic algebroid structure.
Theorem 4.3. If ΩTE
l
E∗ is the exact symplectic structure on the algebroid τTE
l
E∗ : T
E
l E
∗ → E∗ then
the left-right Hamiltonian vector field of a hamiltonian function H : E∗ → R with respect to ΩTE
l
E∗ is
just HΠE∗H , that is,
H
(Ω
TE
l
E∗
,lr)
H = H
ΠE∗
H .
Proof. [Theorem 4.2]
Using Proposition 4.1, we deduce that there exists a ρlE-connection D
l and a ρrE-connection D
r on
τE : E → Q such that
BE(σ, σ¯) = D
l
σσ¯ −D
r
σ¯σ, for σ, σ¯ ∈ Γ(τE).
Denote by
Dlh
κq
: Eq → TκqE
∗, D
r
h
κq
: Eq → TκqE
∗
the (Dl)-horizontal lift and the (Dr)-horizontal lift, respectively, at the point κq ∈ E
∗
q (see Appendix
A, for a detailed description of horizontal and vertical lifts).
Thus, if σ ∈ Γ(τE) we can consider the corresponding (D
l)-horizontal lift σ(D
l)h ∈ X(E∗) (respec-
tively, the corresponding (Dr)-horizontal lift σ(D
r)h ∈ X(E∗)) given by
σ(D
l)h(κq) = (σ(q))
Dlh
κq
and σ(D
r)h(κq) = (σ(q))
Drh
κq
, for κq ∈ E
∗
q .
Now, we introduce the Dl-horizontal lift of σ to Γ(τTE
l
E∗) as the section of τTE
l
E∗ : T
E
l E
∗ → E∗
defined by
σ
(Dl)h
l (κq) = (σ(q), σ
(Dl)h(κq)), for κq ∈ E
∗
q .
Note that the vector field σ(D
l)h is τE∗ -projectable on the vector field ρ
l
E(σ) ∈ X(Q) (see Appendix
A) and, therefore, σ
(Dl)h
l (κq) ∈ (T
E
l E
∗)κq . Moreover, from (A.3), it follows that
σ
(Dl)h
l + σ¯
(Dl)h
l = (σ + σ¯)
(Dl)h
l , (fσ)
(Dl)h
l = (f ◦ τE∗)σ
(Dl)h
l , (4.2)
On the other hand, if ν ∈ Γ(τE∗) then the vertical lift ν
v
l ∈ Γ(T
E
l E
∗) of ν to TEl E
∗ is given by
νvl (κq) = (0, ν
v(κq)), for κq ∈ E
∗
q ,
where νv ∈ X(E∗) is the standard vertical lift of ν (see Appendix A). In this case, we have also that
(see (A.6))
νvl + ν¯
v
l = (ν + ν¯)
v
l , (fν)
v
l = (f ◦ τE∗)ν
v
l , (4.3)
for ν, ν¯ ∈ Γ(τE∗) and f ∈ C
∞(Q).
THE UBIQUITY OF THE SYMPLECTIC HAMILTONIAN EQUATIONS IN MECHANICS 15
It is clear that if {σα} is a local basis of Γ(τE) and {σ
α} is the dual basis fo Γ(τE∗), then
{(σα)
(Dl)h
l , (σ
α)vl } is a local basis of Γ(T
E
l E
∗).
Next, let R be a tensor of type (1, 1) on τE : E → Q, that is, R : Γ(τE)→ Γ(τE) is a C
∞(Q)-linear
map. Then, there exists a unique vector field Rv on E∗, the vertical lift of R, such that
Rv(f ◦ τE∗) = 0 and R
v(γ̂) = R̂(γ)
for f ∈ C∞(Q) and γ ∈ Γ(τE). Here, ̂ denotes the linear function on E∗ induced by a section in
Γ(τE).
The vertical lift of the tensor R to TEl E
∗ is denoted by Rvl and given by
Rvl (κq) = (0, R
v(κq)), for κq ∈ E
∗
q .
Now, we will define the algebroid structure on TEl E
∗. First, consider the two anchor maps ρl
TE
l
E∗
:
TEl E
∗ → TE∗ and ρr
TE
l
E∗
: TEl E
∗ → TE∗ given by
ρl
TE
l
E∗
(σq , X˜κq) = X˜κq ,
ρr
TE
l
E∗
(σq , X˜κq) = X˜κq − (σq)
(Dl)h
κq
+ (σq)
(Dr)h
κq
,
for (σq, X˜κq ) ∈ (T
E
l E
∗)κq , with κq ∈ E
∗
q .
Note that
ρl
TE
l
E∗
(σ
(Dl)h
l ) = σ
(Dl)h, ρl
TE
l
E∗
(νvl ) = ν
v,
ρr
TE
l
E∗
(σ
(Dl)h
l ) = σ
(Dr)h, ρr
TE
l
E∗
(νvl ) = ν
v,
(4.4)
for σ ∈ Γ(τE) and ν ∈ Γ(τE∗).
Next, we define a bracket BTE
l
E∗ on the space Γ(τTE
l
E∗) by lifting the bracket BE on Γ(τE).
Let R be a tensor of type (1, 3) on τE : E → Q, that is, R : Γ(τE) × Γ(τE) × Γ(τE) → Γ(τE) is a
C∞(Q)-linear map. Then, using (2.1), (4.2), (4.3) and (A.1), we deduce that there exists a unique
bracket BTE
l
E∗ on Γ(T
E
l E
∗) such that
BTE
l
E∗(σ
(Dl)h
l , σ¯
(Dl)h
l ) = BE(σ, σ¯)
(Dl)h
l +R(σ, σ¯, ·)
v
l
BTE
l
E∗(σ
(Dl)h
l , ν
v
l ) = (D
l
σν)
v
l ,
BTE
l
E∗(κ
v
l , σ¯
(Dl)h
l ) = −(D
r
σ¯κ)
v
l
BTE
l
E∗(κ
v
l , ν
v
l ) = 0
(4.5)
for σ, σ¯ ∈ Γ(τE) and κ, ν ∈ Γ(τE∗). Note that R(σ, σ¯, ·) : Γ(τE) → Γ(τE) is a tensor of type (1, 1) on
τE : E → Q. Furthermore, from (4.4) and (4.5), it follows that (BTE
l
E∗ , ρ
l
TE
l
E∗
, ρr
TE
l
E∗
) is an algebroid
structure on TEl E
∗.
Now, we will endow the algebroid (TEl E
∗, BTE
l
E∗ , ρ
l
TE
l
E∗
, ρr
TE
l
E∗
) with an exact symplectic structure.
In fact, the dual vector bundle τ(TE
l
E∗)∗ : (T
E
l E
∗)∗ → E∗ admits a canonical section λTE
l
E∗ , the
Liouville section, defined by
λTE
l
E∗(κq)(σq , X˜κq) = κq(σq),
for κq ∈ E
∗
q and (σq, X˜κq ) ∈ (T
E
l E
∗)κq .
Note that
λTE
l
E∗(σ
(Dl)h
l ) = σ̂, λTEl E∗(κ
v
l ) = 0 (4.6)
for σ ∈ Γ(τE) and κ ∈ Γ(τE∗).
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Consider the tensor of type (0, 2) on τTE
l
E∗ : T
E
l E
∗ → E∗ given by
ΩTE
l
E∗ = −d
lr
TE
l
E∗
(
λTE
l
E∗
)
.
From (3.3), (4.4), (4.5), (4.6) and (A.2), we deduce that
ΩTE
l
E∗(σ
(Dl)h
l , σ¯
(Dl)h
l ) = −σ
(Dl)h(̂¯σ) + (σ¯)(Dr)h(σ̂) + λTE
l
E∗
(
BE(σ, σ¯)
(Dl)h
l +R(σ, σ¯, ·)
v
l
)
= −D̂lσσ¯ + D̂
r
σ¯σ +
̂BE(σ, σ¯) = 0
ΩTE
l
E∗(σ
(Dl)h
l , ν
v
l ) = ν
v(σ̂) ◦ τE + λTE
l
E∗
(
(Dlσν)
v
l
)
= ν(σ) ◦ τE∗ (4.7)
ΩTE
l
E∗(κ
v
l , σ¯
(Dl)h
l ) = −κ
v(̂¯σ) ◦ τE − λTE
l
E∗ ((D
r
σ¯κ)
v
l ) = −κ(σ¯) ◦ τE∗
ΩTE
l
E∗(κ
v
l , ν
v
l ) = 0
for σ, σ¯ ∈ Γ(τE) and κ, ν ∈ Γ(τE∗). As a consequence, ΩTE
l
E∗ is a skew-symmetric tensor.
In addition, if {σα} is a local basis of Γ(τE), we have that {(σα)
(Dl)h
l , (σ
α)
v
l } is a local basis of
Γ(τTE
l
E∗) and
ΩTE
l
E∗ =
(
(σα)
(Dl)h
l
)∗
∧
(
(σα)
v
l
)∗
(4.8)
where
{(
(σα)
(Dl)h
l
)∗
,
(
(σα)vl
)∗}
is the dual basis of {(σα)
(Dl)h
l , (σ
α)vl }. Therefore, it is clear that
ΩTE
l
E∗ is nondegenerate.
This ends the proof of our theorem. 
Remark 4.4. In the particular case when E is an skew-symmetric algebroid (that is, the bracket
BE is skew-symmetric), the exact symplectic structure ΩTE
l
E∗ was considered by Popescu et al [33] in
order to develop a symplectic description of the Hamiltonian mechanics on skew-symmetric algebroids.
In this case, the exact symplectic structure ΩTE
l
E∗ does not depend on the chosen connection.
Now, suppose that E is a Lie algebroid with Lie algebroid structure ([[·, ·]]E , ρE). Then, (Γ(τE), [[·, ]]E)
is a real Lie algebra and
[[σ, fσ′]]E = f [[σ, σ
′]]E + ρE(σ)(f)σ
′,
for σ, σ′ ∈ Γ(τE) and f ∈ C
∞(Q). Moreover, we have that the anchor map ρlE = ρ
r
E = ρE is a Lie
algebra morphism, i.e. ρE ([[σ, σ
′]]E) = [ρE(σ), ρE(σ
′)], where [·, ·] is the standard bracket of vector
fields. In addition, it is well known that TEl E
∗ = TEE∗ also admits a Lie algebroid structure (see, for
instance, [25]).
Now, we will see that our construction permits to recover this Lie algebroid structure.
To do this, consider an arbitrary bundle metric G : E ×Q E → R on E and denote by ∇
G :
Γ(E)× Γ(E)→ Γ(E) the Levi Civita connection induced by G. Then, we have that
[[σ, σ′]]E = ∇
G
σσ
′ −∇Gσ′σ, for σ, σ
′ ∈ Γ(τE). (4.9)
On the other hand the curvature of the connection ∇G is the tensor field of type (1,3) on τE : E → Q
R∇
G
: Γ(τE)× Γ(τE)× Γ(τE)→ Γ(τE)
defined for each σ, σ′, σ′′ ∈ Γ(τE) as
R∇
G
(σ, σ′, σ′′) = ∇Gσ(∇
G
σ′σ
′′)−∇Gσ′(∇
G
σσ
′′)−∇G[[σ,σ′]]Eσ
′′.
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Using (A.2) and the fact that ρE is a Lie algebra morphism, it is easy to prove that
[σ∇
G
h, (σ′)∇
G
h](f ◦ τE∗) = (ρE [[σ, σ
′]]E) (f) ◦ τE∗
and
[σ∇
G
h, (σ′)∇
G
h](σ̂′′) = ([[σ, σ′]]E)
∇Gh
(σ̂′′) +R∇
G
(σ, σ′, ·)v(σ̂′′),
for σ, σ′, σ′′ ∈ Γ(τE), where σ
∇Gh denotes the ∇G-horizontal lift of σ to X(E∗). Thus, we conclude
that
[σ∇
G
h, (σ′)∇
G
h] = [[σ, σ′]]∇
G
h
E +
(
R∇
G
(σ, σ′, ·)
)v
.
By a similar argument, using (A.2) and (A.5), we have that
[σ∇
G
h, νv] = (∇Gσν)
v and [κv, νv] = 0, for κ, ν ∈ Γ(τE∗).
Therefore, if we replace in (4.5) the tensor R by the curvature R∇
G
of the connection ∇G then we
obtain that
BTEE∗(σ
∇Gh
l , σ
′∇Gh
l ) = ([[σ, σ
′]]E , [σ
∇Gh, (σ′)∇
G
h]),
BTEE∗(σ
∇Gh
l , ν
v
l ) = (0, [σ
∇Gh, νv]) = −BTEE∗(ν
v
l , σ
∇Gh
l ),
BTEE∗(κ
v
l , ν
v
l ) = 0.
Consequently, if σ (respectively, σ′) is a section of τE : E → Q andX (respectively, X
′) is a vector field
on E∗ which is τE∗ -projectable on ρE(σ) (respectively, ρE(σ
′)) then (σ,X) and (σ′, X ′) are sections
of τTEE∗ : T
EE∗ → E∗ and
BTEE∗((σ,X), (σ
′, X ′)) = ([[σ, σ′]]E , [X,X
′]). (4.10)
This implies that BTEE∗ is the canonical Lie bracket on Γ(τTEE∗) (see [25]).
In Section 5 we will use the following properties of the curvature of the connection ∇G:
R∇
G
(σ, σ′)σ′′ = −R∇
G
(σ′, σ)σ′′ (4.11)
and
R∇
G
(σ, σ′)σ′′ +R∇
G
(σ′, σ′′)σ +R∇
G
(σ′′, σ)σ′ = 0 (first Bianchi identity). (4.12)
Note that (4.12) follows using (4.9) and the fact that [[·, ·]]E satisfies the Jacobi identity.
Remark 4.5. A situation which will be useful in the examples is the case when we start with a vector
bundle τE : E → Q with a skew-symmetric algebroid structure (BE , ρE) such that the anchor map
ρE : E → TQ is a skew-symmetric algebroid morphism, that is,
ρE ([[σ, σ
′]]E) = [ρE(σ), ρE(σ
′)] .
Observe that this condition does not imply that E → Q is a Lie algebroid as in the previous remark.
Under this weaker condition it is still possible to choose the tensor R in such a way the bracket defined
in equation (4.5) is again the usual bracket defined in (4.10).
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Proof. [Theorem 4.3]
Suppose that (qi) are local coordinates on Q, {σα} is a local basis of Γ(τE) and that (BE)
γ
αβ , (ρ
l
E)
i
α
and (ρrE)
i
α are the local structure functions of E with respect to the local coordinates (q
i) and to the
basis {σα}. Then, from Proposition 4.1, it is clear that
(BE)
γ
αβ = (D
l)
γ
αβ − (D
r)
γ
βα
with
Dlσασβ = (D
l)
µ
αβσµ, D
r
σα
σβ = (D
r)µαβσµ.
Moreover, if (qi, pα) are the corresponding local coordinates on E
∗, we have that (see (A.4) and
(A.7))
(σα)
(Dl)h = (ρlE)
i
α
∂
∂qi
+ (Dl)
γ
αβpγ
∂
∂pβ
, (σα)
(Dr)h = (ρrE)
i
α
∂
∂qi
+ (Dr)γαβpγ
∂
∂pβ
, (4.13)
(σα)v =
∂
∂pα
.
Now, let H : E∗ −→ R be a hamiltonian function. From (3.2), (4.4) and (4.13), it follows that
dr
TE
l
E∗
H =
(
∂H
∂qi
(ρrE)
i
α +
∂H
∂pβ
(Dr)
γ
αβpγ
)(
(σα)
(Dl)h
l
)∗
+
∂H
∂pα
(
(σα)
v
l
)∗
.
Therefore, from (3.4) and (4.8), we obtain that the right Hamiltonian section H
(Ω
TE
l
E∗
,r)
H of H with
respect to ΩTE
l
E∗ is
H
(Ω
TE
l
E∗
,r)
H =
∂H
∂pα
(σα)
(Dl)h
l −
(
∂H
∂qi
(ρrE)
i
α +
∂H
∂pβ
(Dr)γαβpγ
)
(σα)vl .
Using (4.4) and (4.13), the right Hamiltonian section yields the left-right Hamiltonian vector field
of H which is
ρl
TE
l
E∗
(H
(Ω
TE
l
E∗
,r)
H ) =
∂H
∂pα
(ρlE)
i
α
∂
∂qi
−
(
∂H
∂qi
(ρrE)
i
β −
∂H
∂pα
((Dl)
γ
αβ − (D
r)
γ
βα)pγ
)
∂
∂pβ
,
=
∂H
∂pα
(ρlE)
i
α
∂
∂qi
−
(
∂H
∂qi
(ρrE)
i
β −
∂H
∂pα
(BE)
γ
αβpγ
)
∂
∂pβ
. (4.14)
Consequently, from (2.4) and (4.14), we deduce that
H
(Ω
TE
l
E∗
,lr)
H = ρ
l
TE
l
E∗
(H
(Ω
TE
l
E∗
,r)
H ) = H
ΠE∗
H .

Remark 4.6. Theorem 4.3 was proved by Popescu et al. [33] for the particular case when E is a
skew-symmetric algebroid and by de Leo´n et al. [23] for the particular case when E is a Lie algebroid.
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5. Closedness of the exact symplectic section
In order to analyze the closedness of the exact symplectic section ΩTE
l
E∗ we have to define a
differential over tensors of type (0,2) on the algebroid TEl E
∗. It is clear that it is not possible to induce
a direct extension of the differential defined in (3.3). Therefore, the idea is to define a differential over
skew-symmetric tensors and another differential over symmetric tensors of type (0,2).
Consider an algebroid structure (BE¯ , ρ
l
E¯
, ρr
E¯
) over the vector bundle τE¯ : E¯ → Q¯. Then, it is
induced over the vector bundle τE¯ : E¯ → Q¯ a skew-symmetric algebroid (B
A
E¯
, ρA
E¯
) given by
BA
E¯
(σ, σ¯) =
1
2
(BE¯(σ, σ¯)−BE¯(σ¯, σ)) , ρ
A
E¯
(σ) =
1
2
(
ρl
E¯
(σ) + ρr
E¯
(σ)
)
,
and also a symmetric algebroid (BS
E¯
, ρS
E¯
)
BS
E¯
(σ, σ¯) =
1
2
(BE¯(σ, σ¯) +BE¯(σ¯, σ)) ρ
S
E¯
(σ) =
1
2
(
ρl
E¯
(σ)− ρr
E¯
(σ)
)
for σ, σ¯ ∈ Γ(τE¯).
Then, on a skew-symmetric tensor TA ∈ Γ(τV2 E¯∗) the skew-symmetric differential d
A
E¯
is defined by
(dA
E¯
TA)(σ, σ¯, σ¯) = ρA
E¯
(σ)(TA(σ¯, σ¯))− ρA
E¯
(σ¯)(TA(σ, σ¯)) + ρA
E¯
(σ¯)(TA(σ, σ¯))
−TA(BA
E¯
(σ, σ¯), σ¯) + TA(BA
E¯
(σ, σ¯), σ¯)− TA(BA
E¯
(σ¯, σ¯), σ)
and on a symmetric tensor T S in Γ(τ⊗02E¯∗) the symmetric differential d
S
E¯
is
(dS
E¯
T S)(σ, σ¯, σ¯) = ρS
E¯
(σ)(T S(σ¯, σ¯)) + ρS
E¯
(σ¯)(T S(σ, σ¯)) + ρS
E¯
(σ¯)(T S(σ, σ¯))
−T S(BS
E¯
(σ, σ¯), σ¯)− T S(BS
E¯
(σ, σ¯), σ¯)− T S(BS
E¯
(σ¯, σ¯), σ),
for σ, σ¯, σ¯ ∈ Γ(τE¯).
Note that dA
E¯
TA (respectively, dS
E¯
T S) is a skew-symmetric tensor of type (0,3) (respectively, a
symmetric tensor of type (0,3)).
Now, we may extend the definition of the differential to any (0,2)-tensor in Γ(τ⊗02E¯∗). If T is a
section of the vector bundle τ⊗02E¯∗ : ⊗
0
2E¯
∗ → Q¯ then the differential of T is the section dAS
E¯
T of the
vector bundle τ⊗03E¯∗ : ⊗
0
3E¯
∗ → Q¯ defined by
(dAS
E¯
T )(σ, σ¯, σ¯) = (dA
E¯
TA)(σ, σ¯, σ¯) + (dS
E¯
T S)(σ, σ¯, σ¯) (5.1)
where
TA(σ, σ¯) =
1
2
(T (σ, σ¯)− T (σ¯, σ)) and T S(σ, σ¯) =
1
2
(T (σ, σ¯) + T (σ¯, σ)),
for σ, σ¯, σ¯ ∈ Γ(τE¯). Note that T
A and T S are the skew-symmetric and symmetric part of the tensor
T .
Theorem 5.1. Consider an algebroid structure (BE , ρ
l
E, ρ
r
E) over the vector bundle τE : E → Q and
the algebroid structure (BTE
l
E∗ , ρ
l
TE
l
E∗
, ρr
TE
l
E∗
) induced over the vector bundle τTE
l
E∗ : T
E
l E
∗ → E∗ as
in (4.4) and (4.5). If the (1,3)-tensor R in equation (4.5) verifies the following relations
R(σ, σ¯)σ¯ = −R(σ¯, σ)σ¯ (5.2)
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and
R(σ, σ¯)σ¯ +R(σ¯, σ¯)σ +R(σ¯, σ)σ¯ = 0 (first Bianchi identity), (5.3)
for all σ, σ¯, σ¯ ∈ Γ(E), then the exact symplectic section ΩTE
l
E∗ is closed, that is
dA
TE
l
E∗
ΩTE
l
E∗ = 0.
Proof. First, we are going to build the skew-symmetric algebroid induced on τTE
l
E∗ : T
E
l E
∗ → E∗.
The anchor map of this skew-symmetric algebroid is given by
ρA
TE
l
E∗
(σ
(Dl)h
l ) =
1
2 (σ
(Dl)h + σ(D
r)h)
ρA
TE
l
E∗
(κvl ) = κ
v.
(5.4)
and the skew-symmetric bracket is
BA
TE
l
E∗
(σ
(Dl)h
l , σ¯
(Dl)h
l ) = B
A
E (σ, σ¯)
(Dl)h
l +R(σ, σ¯, ·)
v
l
BA
TE
l
E∗
(σ
(Dl)h
l , κ
v
l ) =
1
2 (D
l
σκ+D
r
σκ)
v
l = −B
A
TE
l
E∗
(κvl , σ
(Dl)h
l )
BA
TE
l
E∗
(κvl , ν
v
l ) = 0
(5.5)
for σ, σ¯ ∈ Γ(τE) and κ, ν ∈ Γ(τE∗).
To obtain the first equation of (5.5) we used the fact that the tensor R in (4.5) verifies the skew-
symmetric property: R(σ, σ¯) = −R(σ¯, σ).
In order to compute the skew-symmetric differential of the tensor ΩTE
l
E∗ , consider a local basis
{σα} of Γ(τE) and the corresponding dual basis {σ
α} of Γ(τE∗). A straightforward computation gives
that
(dA
TE
l
E∗
ΩTE
l
E∗)
(
(σα)
(Dl)h
l , (σβ)
(Dl)h
l , (σγ)
(Dl)h
l
)
= ̂R(σα, σβ)σγ + ̂R(σβ , σγ)σα
+ ̂R(σγ , σα)σβ = 0, (5.6)
(dA
TE
l
E∗
ΩTE
l
E∗)
(
(σα)
(Dl)h
l , (σβ)
(Dl)h
l , (σ
γ)vl
)
= 0, (5.7)
(dA
TE
l
E∗
ΩTE
l
E∗)
(
(σα)
(Dl)h
l , (σ
β)vl , (σ
γ)vl
)
= 0,
(dA
TE
l
E∗
ΩTE
l
E∗)
(
(σα)vl , (σ
β)vl , (σ
γ)vl
)
= 0,
where for the proof of (5.7) we have used the fact that the bracket BAE can be written as
BAE (σα, σβ) =
1
2
(
Dlσασβ −D
l
σβ
σα +D
r
σα
σβ −D
r
σβ
σα
)
.
Since the (0,3)-tensor dA
TE
l
E∗
ΩTE
l
E∗ is skew-symmetric the proof is complete.

Natural choices of a (1, 3)-tensor field R verifying properties (5.2) and (5.3) are R ≡ 0 and the
curvature R = R∇
G
of a Levi-Civita connection in the case when E is a Lie algebroid with a bundle
metric G (see (4.11) and (4.12)). From the last case, it is possible to construct new direct examples
of a tensor field of type (1, 3) satisfying (5.2) and (5.3). Consider a Lie algebroid τE : E → Q
with Lie algebroid structure ([[·, ·]]E , ρE) and RE = R
∇G the curvature of the Levi-Civita connection
associated to a bundle metric G. Take now a vector subbundle τD : D → Q of E, iD : D → E being
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the canonical inclusion, equipped with an algebroid structure (BD, ρ
l
D, ρ
r
D) and an arbitrary vector
bundle morphism F : E → D. Then, we may construct the (1, 3)-tensor field:
RD(σ, σ¯)σ¯ = F (R
∇G(iD ◦ σ, iD ◦ σ¯)(iD ◦ σ¯))
for all σ, σ¯, σ¯ ∈ Γ(D). It follows that RD satisfies both conditions (5.2) and (5.3). Observe, for
instance, that it is precisely the case of nonholonomic mechanics discussed in Subsection 2.2, where
now F is the orthogonal projector P .
Remark 5.2. There is a natural extension of symmetric and skew-symmetric differentials on tensors
of type (0, k). That is, on ΨA ∈ Γ(τVk E¯∗) the skew-symmetric differential d
A
E¯
of ΨA is a section of
τVk+1 E¯∗ :
∧k+1
E¯∗ → Q defined by
(dA
E¯
ΨA)(σ0, σ1, ..., σk) =
k∑
i=1
(−1)iρA
E¯
(σi)(Ψ
A(σ0, ..., σ̂i, ..., σk))
+
∑
i<j
(−1)i+jΨA(BA
E¯
(σi, σj), σ0, σ1, ..., σ̂i, ..., σ̂j , ..., σk)
and on a symmetric tensor ΨS in Γ(τ⊗0
k
E¯∗) the symmetric differential d
S
E¯
ΨS of ΨS is the symmetric
tensor in Γ(τ⊗0
k+1E¯
∗) defined by
(dS
E¯
ΨS)(σ0, σ1, ..., σk) =
k∑
i=1
ρS
E¯
(σi)(Ψ
S(σ0, ..., σ̂i, ..., σk))
−
∑
i<j
ΨS(BS
E¯
(σi, σj), σ0, σ1, ..., σ̂i, ..., σ̂j , ..., σk),
for σ0, σ1, ..., σk ∈ Γ(τE¯).
Note that
dA
E¯
(ΨA ∧ µA) = dA
E¯
ΨA ∧ µA + (−1)kΨA ∧ dA
E¯
µA, dS
E¯
(ΨS ∨ µS) = dS
E¯
ΨS ∨ µS +ΨS ∨ dS
E¯
µS ,
for ΨA ∈ Γ(τΛkE¯∗), µ
A ∈ Γ(τΛlE¯∗), Ψ
S ∈ Γ(τ⊗0
k
E¯∗), µ
S ∈ Γ(τ⊗0
l
E¯∗), with Ψ
S and µS symmetric
tensors and ∨ being the symmetric product. On the other hand, if α, β ∈ Γ(τE¯∗) we have that
α⊗ β =
1
2
(α ∧ β + α ∨ β)
and thus
dAS
E¯
(α⊗ β) =
1
2
(dA
E¯
α ∧ β − α ∧ dA
E¯
β) +
1
2
(dS
E¯
α ∨ β + α ∨ dS
E¯
β).
Remark 5.3. (1) The skew-symmetric differential was defined in [23] as the almost differential
on an almost Lie algebroid. Note that (dA
E¯
)2 = 0 if and only if (BA
E¯
, ρA
E¯
) is a Lie algebroid
structure on τE¯ : E¯ → Q.
(2) Let E¯ be the tangent bundle of the manifold Q and ∇ be a linear connection on Q. Then,
(B∇TQ, idTQ,−idTQ) is a symmetric algebroid structure on TQ, where
B∇TQ(X,Y ) = ∇XY +∇YX, for X,Y ∈ X(Q).
Moreover, the corresponding symmetric differential dSTQ was considered in [20]. In fact, in
[20] using the symmetric differential and the symmetric Lie derivative, the derivations of the
algebra of symmetric tensors are classified and the Fro¨licher-Nijenhuis bracket for vector valued
22 P. BALSEIRO, M. DE LEO´N, J. C. MARRERO, AND D. MARTI´N DE DIEGO
symmetric tensors is introduced. This theory is the symmetric counterpart of the theory of
vector valued differential forms which was developed by Fro¨licher-Nijenhuis [13].
6. Examples revisited
6.1. The symmetric case: Gradient extension of dynamical systems. (See Subsection 2.1).
In this case, we have a Riemannian manifold (Q,G) and the vector bundle τTQ : TQ→ Q endowed
with the symmetric product
BTQ(X,Y ) = ∇
G
XY +∇
G
YX, for X,Y ∈ X(Q).
The anchor maps are ρlTQ = idTQ and ρ
r
TQ = −idTQ. Thus,
BTQ(X,Y ) = D
l
XY −D
r
XY
where Dl (respectively, Dr) is the ρlTQ-connection (respectively, the ρ
r
TQ-connection) defined by
DlXY = ∇
G
XY
(respectively, DrXY = −∇
G
XY ). Moreover, it is easy to prove that the TQ-tangent bundle to T
∗Q,
T
TQ
l T
∗Q, may be identified with the vector bundle τT (T∗Q) : T (T
∗Q)→ T ∗Q. Under this identifica-
tion, we have that (see (A.4))(
∂
∂qi
)Dlh
l
=
∂
∂qi
+ Γkijpk
∂
∂pj
,
(
∂
∂qi
)Drh
l
= −
∂
∂qi
− Γkijpk
∂
∂pj
, (dqi)vl =
∂
∂pi
, (6.1)
where (qi, pi) are fibred coordinates on T
∗Q and Γkij are the Christoffel symbols of the Levi-Civita
connection ∇G. Therefore, using (4.8), we deduce that the exact symplectic structure ΩT (T∗Q) is just
the canonical symplectic structure of T ∗Q
ΩT (T∗Q) = dq
i ∧ dpi (6.2)
(note that Γkij = Γ
k
ji).
On the other hand, from (4.4) and (6.1), it follows that
ρrT (T∗Q)
(
∂
∂qi
)
= −
∂
∂qi
− 2Γkijpk
∂
∂pj
, ρrT (T∗Q)
(
∂
∂pi
)
=
∂
∂pi
.
Consequently, if H ∈ C∞(T ∗Q) we obtain that
drT (T∗Q)H =
(
−
∂H
∂qi
− 2Γkijpk
∂H
∂pj
)
dqi +
∂H
∂pj
dpj
which implies that the right-Hamiltonian section of H is the vector field on T ∗Q given by
H
(ΩT (T∗Q),r)
H =
∂H
∂pi
∂
∂qi
+
(
∂H
∂qi
+ 2Γkijpk
∂H
∂pi
)
∂
∂pi
.
Thus, if we apply the above construction to the Hamiltonian function H = HX = Xˆ, with X ∈ X(Q),
we reobtain the Hamilton equations (2.6).
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6.2. Skew-symmetric mechanics: Nonholonomic systems. (See Subsection 2.2).
Consider (g, [·, ·]g) a Lie algebra of finite dimension. In this case, the Lie bracket is the Lie algebra
structure [·, ·]g and the anchor map is the null map.
Consider now a nonholonomic mechanical system on g, that is a vector subspace d ⊂ g of kinematic
constraints (d is not, in general, a Lie subalgebra) and a lagrangian function L : g→ R of mechanical
type induced by a scalar product G on g. As we did in Example 2.2 we assert that (d, [·, ·]d, 0) is a
skew-symmetric algebroid with the bracket given by [ξ, η]d = P ([id(ξ), id(η)]g) (see Subsection 2.2).
In what follows we are going to use the formalism in Tdd∗ proposed in Section 4 to find an exact
symplectic form and the corresponding Hamilton equations.
Let us consider a basis {ξa} of d and {ξ
a} the dual basis of d∗.
In this case, we choose the 0-connection D = Dl = Dr to be Dξaξb =
1
2 [ξa, ξb]d and thus Γ
c
ab =
1
2c
c
ab
where ccab are the structure constants of the skew-symmetric algebroid (d, [·, ·]d, 0).
Now, it is easy to prove that Tdd∗ may be identified with d∗× d× d∗ and, under this identification,
the vector bundle projection
τTdd∗ : T
dd∗ → d∗
is just the canonical projection on the first factor
pr1 : d
∗ × d× d∗ → d∗.
Since d satisfies the hypotheses of Remark 4.5, it is easy to see that a suitable structure of skew-
symmetric algebroid on Tdd∗ ≃ d∗ × d× d∗ → d∗ is determined by the following relations:
BTdd∗ ((·, σ, υ), (·, σ
′, υ′)) (κ) = (κ, [σ, σ′]d, 0)
for κ ∈ d∗, (σ, υ), (σ′, υ′) ∈ d× d∗ and
ρlTdd∗(κ, σ, υ) = (κ, υ).
A straightforward computation shows that
ΩTdd∗ ((κ, σ, υ), (κ, σ
′, υ′)) = υ′(σ)− υ(σ′)− κ ([σ, σ′]d)
for (κ, σ, υ), (κ, σ′, υ′) ∈ d∗ × d× d∗.
Now, we consider the basis {Ea, E˜
a} of Γ(τTdd∗) defined as
Ea = (·, ξa, 0) such that Ea(κ) = (κ, ξa, 0)
E˜a = (·, 0, ξa) such that E˜a(κ) = (κ, 0, ξa).
Then, we obtain
BTdd∗(Ea, Eb) = c
c
abEc
BTdd∗(Ea, E˜
b) = BTdd∗(E˜
a, Eb) = BTdd∗(E˜
a, E˜b) = 0
and the anchor map is
ρTdd∗(Ea) = 0 and ρTdd∗(E˜
b) = ξb.
Thus we conclude that
ΩTdd∗ = −
1
2
ccabpcE
a ∧Eb + Ea ∧ E˜a
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where {Ea, E˜b} is the dual basis induced by {Ea, E˜
b} and pa are the coordinates in d
∗ induced by ξa.
Moreover,
dTdd∗H(Ea) = 0 and dTdd∗H(E˜
a) =
∂H
∂pa
.
Therefore, we have that the unique solution of Equation
iXΩTdd∗ = dTdd∗H , (6.3)
is
H
Ω
Tdd∗
H =
∂H
∂pa
Ea + c
c
abpc
∂H
∂pb
E˜a
Now, using the anchor map we obtain that the corresponding Hamiltonian vector field on d∗:
H
Πd∗
H = c
c
abpc
∂H
∂pb
ξa = ρTdd∗(H
Ω
Tdd∗
H ).
Its integral curves are precisely the nonholonomic Lie-Poisson equations (see [9] and references
therein)
p˙a = c
c
abpc
∂H
∂pb
,
that is, using a classical notation,
κ˙ = add
∗
∂H
∂κ
κ, for κ ∈ d∗
where add
∗
: d× d∗ → d∗ is the map defined as (add
∗
ξ (κ))(η) = κ([ξ, η]d) for ξ, η ∈ d and κ ∈ d
∗. Note
that if d = g then add
∗
= ad∗ is the infinitesimal coadjoint representation.
6.3. Mixed mechanics:
6.3.1 Generalized nonholonomic mechanics on a Lie algebra. (See Subsection 2.3.1).
As in the previous example, consider a Lie algebra (g, [·, ·]g) of finite dimension, a subspace d ⊂ g
and a lagrangian L : g → R of mechanical type induced by a scalar product G on g. Since we are
considering a generalized nonholonomic system, d is endowed with an algebroid structure (d, Bd, 0, 0)
given by (2.18), (2.19) and (2.20), (in this case, the anchors are zero but the bracket is not necessarily
skew-symmetric). In fact,
Bd(σ, σ
′) = P [σ,Π(σ′)]g
for σ, σ′ ∈ d and P : g = d⊕ d⊥ → d ⊆ g, Π : g = d˜⊕ d⊥ → d˜ ⊆ g the corresponding projectors.
As in the previous example, the space Tdd∗ may be identifiaed with the product d∗ × d × d∗ and,
under this identification, the vector bundle projection is the canonical projection on the first factor
pr1 : d
∗ × d× d∗ → d∗.
Then, we obtain that a suitable bracket on Γ(Tdd∗) has the following form
BTdd∗ ((·, σ, υ), (·, σ
′, υ′)) (κ) = (κ,Bd(σ, σ
′), R(κ, σ, υ, σ′, υ′)),
for κ ∈ d∗, (σ, υ), (σ′, υ′) ∈ d∗, with R(κ, σ, υ, σ′, υ′) ∈ d∗. The anchor maps, in this case, are
ρlTdd∗(κ, σ, υ) = (κ, υ)
ρrTdd∗(κ, σ, υ) =
(
κ, υ + i∗d(Π
∗(∇GσP
∗κ)−∇GΠ(σ)P
∗κ)
)
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where id : d→ g is the canonical inclusion and ∇
G is the Levi-Civita connection of the scalar product
G on g. Thus,
ΩTdd∗ ((κ, σ, υ), (κ, σ
′, υ′)) = υ′(σ)− υ(σ′)− κ
(
P (∇Gσ′Π(σ) −∇
G
σΠ(σ
′))
)
for (κ, σ, υ), (κ, σ′, υ′) ∈ d∗ × d× d∗.
Considering the same basis as in the previous example {Ea, E˜
b} (but with {ξa, ξA} an adapted basis
to d⊕ d˜⊥) and the dual basis {Ea, E˜b} we get that the left and right anchor maps are, respectively
ρlTdd∗(Ea) = 0 and ρ
l
Tdd∗(E˜
b) = ξb,
ρrTdd∗(Ea) = −Ξ
c
abpcξ
b and ρrTdd∗(E˜
b) = ξb,
where Ξcab = (D
l)cab − (D
r)cab, with (D
l)cab and (D
r)cab the Christoffel symbols of the left and right
connections for the generalized nonholonomic systems (see Appendix B).
A similar computation, as in the nonholonomic case, shows that
ΩTdd∗ =
1
2
(−c˜cabpc + Ξ
c
ba)E
a ∧Eb + Ea ∧ E˜a.
Finally by means of the left-right Hamiltonian vector field of H , we get
p˙a = c˜
c
abpc
∂H
∂pb
.
Therefore, we obtain the generalized nonholonomic Lie-Poisson equations,
κ˙ = add
∗
∂H
∂κ
κ
for κ ∈ d∗ and where add
∗
: d× d∗ → d∗ is the map defined as (add
∗
ξ (κ))(η) = κ(Bd(ξ, η)), for ξ, η ∈ d
and κ ∈ d∗.
6.3.2 Lagrangian mechanics for modifications of the standard Lie bracket.
Let us reconsider the Example in Subsection 2.3.2, in the case when the tensor field T is given by
T (X,Y ) = S(X,Y ) − S(Y,X), for X,Y ∈ X(Q), where S is the contorsion tensor field induced by
an affine connection ∇. The horizontal and vertical lifts induced by the connection ∇ give rise to
an almost Lie algebroid structure on TT ∗Q→ T ∗Q. Straightforward computations permit to deduce
that
ΩTT∗Q = dq
i ∧ (dpi − S
k
jipkdq
j) .
Since
drTT∗QH =
∂H
∂qi
dqi +
∂H
∂pi
dpi,
then the hamiltonian vector field
i
H
(ΩT(T∗Q),lr)
H
ΩTT∗Q = d
r
TT∗QH (6.4)
is
H
(ΩT (T∗Q),lr)
H =
∂H
∂pi
∂
∂qi
−
(
∂H
∂qi
− (Skji − S
k
ij)pk
∂H
∂pk
)
∂
∂pi
.
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Thus, the integral curves of H
(ΩT (T∗Q),lr)
H are just the solutions of Eqs.(2.23). Observe that Equation
(6.4) exactly reproduces the almost symplectic realization of generalized Chaplygin systems (see [8]).
7. Conclusions and future work
A symplectic realization of the Hamiltonian dynamics on an algebroid is derived. In fact, we prove
that Hamiltonian systems on an algebroid can be described by a symplectic equation constructed in
the same way than in the standard one. For this purpose, the theory of generalized connections on
an anchored vector bundle τE : E → Q is widely used. In particular, we used the corresponding
theory of horizontal and vertical lifts of tensor fields on τE : E → Q to vector fields on the dual vector
bundle E∗. Taking into account that there exists a lot of examples of Hamiltonian systems on an
algebroid (gradient systems, nonholonomic mechanical systems, generalized nonholonomic mechanical
systems,...), the above results show the ubiquity of the symplectic Hamiltonian equations in Mechanics.
In this paper, we suppose that the constraints (kinematic or variational) are linear. It would be
interesting to discuss the more general case when the constraints are not linear and, more precisely,
the case of affine constraints.
Another goal we have proposed is to develop a Klein formalism for Lagrangian systems on alge-
broids.
Finally, a different aspect on which we intend to work is a Hamilton-Jacobi theory for Hamiltonian
systems on algebroids.
Appendix A: anchored vector bundles, connections and horizontal (vertical) lifts
Definition A.1. [5] An anchored vector bundle is a real vector bundle τE : E → Q over a manifold
Q and a vector bundle morphism ρE : E → TQ. The map ρE : E → TQ is called the anchor map of
the anchored vector bundle.
Now, suppose that (τE : E → Q, ρE) is an anchored vector bundle over Q and denote by Γ(τE) the
space of C∞-sections of the vector bundle τE : E → Q.
Definition A.2. [5] A ρE-connection on the anchored vector bundle (τE : E → Q, ρE) is a R-bilinear
map D : Γ(τE)× Γ(τE)→ Γ(τE) such that
Dfσγ = fDσγ and Dσ(gγ) = ρE(σ)(g)γ + gDσγ (A.1)
for f ∈ C∞(Q), and σ, γ ∈ Γ(τE).
Remark A.3. Every vector bundle τE : E → Q admits a ρE-connection. In fact, let ∇ : X(Q) ×
Γ(τE) → Γ(τE) be an standard linear connection on τE : E → Q. Then, if we define the map
D : Γ(τE)× Γ(τE)→ Γ(τE) as
Dσγ = ∇ρE(σ)γ for σ, γ ∈ Γ(τE),
it is easy to prove that D is a ρE-connection.
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Let D be a ρE-connection on the anchored vector bundle (τE : E → Q, ρE). If (q
i) are local
coordinates on Q and {σα} is a local basis of Γ(τE) then
Dfασα(g
βσβ) =
(
fαgβDγαβ + f
α(ρE)
i
α
∂gγ
∂qi
)
σγ
for fα, gβ ∈ C∞(Q), where
ρE(σα) = (ρE)
i
α
∂
∂qi
and Dσασβ = D
γ
αβσγ .
Dγαβ are the Christoffel symbols of the connection D with respect to the local basis {σα}.
Now, suppose that σq is an element of the fiber Eq, with q ∈ Q. Then, we may introduce the
R-linear map Dσq : Γ(τE)→ Eq given by
Dσqγ = (Dσγ)(q), for γ ∈ Γ(τE),
where σ ∈ Γ(τE) and σ(q) = σq. Note that, using (A.1), one deduces that the map Dσq is well defined.
Thus, if κq ∈ E
∗
q , we may consider the linear map
Dh
κq
: Eq → TκqE
∗, σq 7→ (σq)
Dh
κq
where (σq)
Dh
κq
is the tangent vector to E∗ at κq which is characterized by the following conditions
(σq)
Dh
κq
(f ◦ τE∗) = ρE(σq)(f) and (σq)
Dh
κq
(γ̂) = κq(Dσqγ), (A.2)
for f ∈ C∞(Q) and γ ∈ Γ(τE). Here, γ̂ : E
∗ → R is the linear function on E∗ induced by the section
γ.
In particular, if σ ∈ Γ(τE) we may define the D-horizontal lift to E
∗ as the vector field σDh on E∗
given by
σDh(κq) = (σ(q))
Dh
κq
, for κq ∈ E
∗
q , with q ∈ Q.
It is clear that
(σ + σ′)Dh = σDh + (σ′)Dh, (fσ)Dh = (f ◦ τE∗)σ
Dh, (A.3)
for σ, σ′ ∈ Γ(τE) and f ∈ C
∞(Q).
Moreover, if (qi) are local coordinates on Q and {σα} is a local basis of Γ(τE), then we have the
corresponding local coordinates (qi, pα) on E
∗ and
σDhα = (ρE)
i
α
∂
∂qi
+Dγαβpγ
∂
∂pβ
, (A.4)
(for more details, see [5]).
On the other hand, if κ′q ∈ E
∗
q we may consider the standard vertical lift as the linear map
v
κ′q
: E∗q → Tκ′qE
∗, κq 7→ (κq)
v
κ′q
with (κq)
v
κ′q
being the tangent vector to E∗ at κ′q which is characterized by the following conditions
(κq)
v
κ′q
(f ◦ τE∗) = 0 and (κq)
v
κ′q
(γ̂) = κq(γ(q)) (A.5)
for f ∈ C∞(Q) and γ ∈ Γ(τE).
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Thus, if κ ∈ Γ(τE∗) is a section of the dual vector bundle τE∗ : E
∗ → Q then the vertical lift to E∗
is the vector field κv on E∗ given by
κv(κ′q) = (κ(q))
v
κ′q
for κ′q ∈ E
∗
q , with q ∈ Q.
It is clear that
(κ+ κ′)v = κv + (κ′)v, (fκ)v = (f ◦ τE∗)κ
v, (A.6)
for κ, κ′ ∈ Γ(τE∗) and f ∈ C
∞(Q).
Moreover, if (qi) are local coordinates on Q, {σα} is a local basis of Γ(τE), {σ
α} is the dual basis
of Γ(τE∗) and (q
i, pα) the corresponding local coordinates on E
∗ then
(σα)
v
=
∂
∂pα
. (A.7)
Remark A.4. If {σα} is a local basis of Γ(τE) and {σ
α} is the dual basis of Γ(τE∗) then {σ
Dh
α , (σ
α)
v
}
is not, in general, a local basis of vector fields on E∗. Note that ρE is not, in general, an epimorphism.
Remark A.5. The ρE-connection D induces a ρE-connection D
∗ on the dual vector bundle τE∗ :
E∗ → Q which is defined by
(D∗σκ)(γ) = ρE(σ)(κ(γ)) − κ(Dσγ),
for σ, γ ∈ Γ(τE) and κ ∈ Γ(τE∗). If {σα} is a local basis of Γ(τE) and {σ
α} is the dual basis of Γ(τE∗)
then D∗σασ
γ = −Dγαβσ
β , where Dγαβ are the Christoffel symbols of the connection D. Therefore, if
σ ∈ Γ(τE) it is possible to consider the corresponding D
∗- horizontal lift to E as a vector field σD
∗
h
on E.
The above results are a generalization of some lifting operations previously defined in [35, 36, 37]
for the case E = TQ and ρE = ρTQ = idTQ.
Appendix B: generalized nonholonomic systems
Let us consider a vector bundle τE : E → Q with a Lie algebroid structure ([[·, ·]]E , ρE). A linear
generalized nonholonomic system on E is a mechanical system determined by a regular lagrangian
function L : E → R and two distributions, the kinematic constraints described by a vector subbundle
τD : D → Q and the variational constraints given by the vector subbundle τD˜ : D˜ → Q. As we have
explained in section 2.3.1, the distribution D˜ is the subspace where the constraint forces are doing
null work. It is clear that in the (classical) nonholonomic systems D = D˜. Generalized nonholonomic
systems were studied in [2, 6, 7, 29].
We will assume that the lagrangian is of mechanical type, that is, we have a bundle metric G on E
and a real C∞-function V : Q→ R such that
L(e) =
1
2
G(e, e)− V (τE(e)), for e ∈ E.
Moreover, we will assume that the following compatibility condition holds
E = D ⊕ D˜⊥
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where D˜⊥ is the orthogonal complement of the variational distribution D˜ with respect to the bundle
metric G.
We have that the equations of motion of such a system are given by δLγ(t) ∈ D˜
0
τD(γ(t))
, for a
ρE-admissible curve γ : I → D. Then, the equations of motion are
dq
dt
= ρE ◦ γ,
∇G
γ(t)γ(t) + gradGV (q(t)) ∈ D˜
⊥
q(t),
γ(t) ∈ Dq(t),
(B.1)
where ∇G is the Levi-Civita connection of G, gradG(V ) is the section of τE : E → Q given by
G(gradG(V ), σ) = ρE(σ)(V ), for σ ∈ Γ(τE),
and q = τD ◦ γ.
Suppose that (qi) are local coordinates on an open subset U of Q and that {σα} = {σa, σA} is a
basis of sections of the vector bundle τ−1E (U)→ U adapted to the decomposition E = D⊕D˜
⊥. We will
denote by (qi, vα) = (qi, va, vA) the corresponding local coordinates on E. We will assume that the
bundle metric G can be locally written as G = Gαβσ
α⊗ σβ. We will also assume that σa (respectively,
σA) is an orthonormal basis of Γ(τD) (respectively, Γ(τD˜⊥)). Thus, we have that Gab = δ
b
a (respectively
GAB = δ
B
A ) and it is easy to see that D˜ = span{σd − GdAσA}. Then the system (B.1) can be written
for γ = vaσa + v
AσA and q = τE ◦ γ
G(∇G
γ(t)γ(t) + gradGV (q(t)), σd − GdBσB) = 0
q˙i = (ρlD)
i
av
a, vA = 0.
(B.2)
A straightforward computation shows that the system (B.2) is equivalent to{
v˙c + vavbΓcab + (ρ
r
D)
i
c
∂V
∂qi
= 0
q˙i = (ρlD)
i
av
a (B.3)
where Γcab are the Christoffel symbols of the Levi-Civita connection in τE : E → Q and
(ρlD)
i
a = (ρE)
i
a
(ρrD)
i
c = G
cd((ρE)
i
d − GdA(ρE)
i
A) (B.4)
with Gαβ the inverse matrix of Gαβ (note that G
eC = −GefGfC and that G
ef + GeCGCf = δ
e
f ).
Now we can write these symbols Γcab in terms of the local structure functions of the Lie algebroid
τE : E → Q using the expression
Γcab =
1
2
Gcα ([α, a; b] + [α, b; a] + [a, b;α])
where [α, β; γ] =
∂Gαβ
∂qi
(ρE)
i
γ + C
µ
αβGµγ (see [9, 10]). Then, since G
cA = −GcdGdA, it is easy to prove
that
Γcabv
avb = Gcd
[
Cadb + GaAC
A
db − GdAC
a
Ab − GdAGaBC
B
Ab − GdA
∂GaA
∂qi
(ρE)
i
b
]
vavb.
Thus, if we denote by C˜abc the real function given by
C˜abc = −G
cd
[
Cadb + GaAC
A
db − GdAC
a
Ab − GdAGaBC
B
Ab − GdA
∂GaA
∂qi
(ρE)
i
b
]
(B.5)
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it follows that Eqs. (B.3) may be written as follows{
v˙c = vavbC˜abc − (ρ
r
D)
i
c
∂V
∂qi
q˙i = (ρlD)
i
av
a.
where (ρlD)
i
a and (ρ
r
D)
i
c are defined as in (B.4).
In what follows we are going to see how the functions C˜abc, (ρ
l
D)
i
a and (ρ
r
D)
i
c can be interpreted as
the local structure functions of an algebroid structure on τD : D → Q.
First, let us consider the following projectors,
P : D ⊕D⊥ → D and Π : D˜ ⊕D⊥ → D˜
and the natural inclusions
iD : D → E and i eD : D˜ → E.
Proposition A.6. Suppose that on the vector bundle τE : E → Q we have a Lie algebroid structure
([[·, ·]]E , ρE). Then, on the vector subbundle τD : D → Q we have an algebroid structure given by the
bracket
BD(σ, η) = P ([[iD(σ), (i eD ◦Π)(η)]]E)
for σ, η ∈ Γ(τD) and the anchor maps
ρlD = ρE ◦ iD and ρ
r
D = ρE ◦ i eD ◦Π.
Moreover, in the local basis {σa, σA} adapted to the decomposition D⊕D˜
⊥, this algebroid (BD, ρ
l
D, ρ
r
D)
has local structure functions given by (B.4) and (B.5).
Proof. In the local basis {σa, σA} adapted to the decomposition D ⊕ D˜
⊥ we have that
P (σa) = σa and P (σA) = GcAσc.
Note that σA − GcAσc ∈ Γ(τD⊥). Moreover, since σa − G
ad(σd − GdAσA) ∈ Γ(τD⊥), we deduce that
Π(σa) = G
ad(σd − GdAσA).
Then it is simple to prove that P ◦ Π|D = idD and from this it is obtained that the bracket and the
anchor maps given above define an algebroid structure on τD : D → Q.
On the other hand,
BD(σb, σc) = (
∂Gca
∂qi
(ρE)
i
b −
∂Gcd
∂qi
(ρE)
i
bGdAGaA − G
cd ∂GdA
∂qi
(ρE)
i
bGcA)σa
+Gcd(Cabd + GaAC
A
bd − GdAC
a
bA − GdAGaBC
B
bA)σa.
Now, using that GcdGdAGaA = G
ca + δca, it follows that
∂Gca
∂qi
=
∂Gcd
∂qi
GdAGaA + G
cd ∂GdA
∂qi
GaA + G
cdGdA
∂GaA
∂qi
which implies that (see (B.5))
BD(σb, σc) = C˜
a
bcσa.
This ends the proof of the result. 
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Now let us define the following two maps:
Dl : Γ(τD)× Γ(τD)→ Γ(τD) such that D
l
σσ¯ = P (∇
G
σΠσ¯) (B.6)
Dr : Γ(τD)× Γ(τD)→ Γ(τD) such that D
r
σσ¯ = P (∇
G
Πσσ¯). (B.7)
Proposition A.7. The map Dl defined in (B.6) is a ρlD-connection and analogously the map D
r
defined in (B.7) is a ρrD-connection with ρ
l
D and ρ
r
D defined as in Proposition A.6.
Proof. : It is sufficient to see that the maps Dl and Dr verify equation (A.1). In fact, for σ, σ¯ ∈ Γ(τD)
and f ∈ C∞(D), we have
Dlfσσ¯ = P (∇
G
fσΠσ¯) = f P (∇
G
σΠσ¯) = fD
l
σσ¯,
Dlσfσ¯ = P (∇
G
σΠ(fσ¯)) = P
(
f∇GσΠσ¯ + ρE(σ)(f)Πσ¯
)
= f Dlσσ¯ + ρ
l
D(σ)(f)σ¯,
where in the last equality we use again that P ◦Π|D = idD.
On the other hand, it follows that
Drfσσ¯ = P (∇
G
Π(fσ)σ¯) = P (∇
G
fΠσσ¯) = f P (∇
G
Πσσ¯) = fD
r
σσ¯,
Drσfσ¯ = P (∇
G
Πσfσ¯) = P
(
f∇GΠσσ¯ + ρE(Πσ)(f)σ¯
)
= f Drσσ¯ + ρ
r
D(σ)(f)σ¯.

Now, due to Proposition 4.1 (section 4), if we define
BD(σ, η) = D
l
ση −D
r
ησ,
for σ, η ∈ Γ(τD), then (BD, ρ
l
D, ρ
r
D) is an algebroid structure on τD : D → Q.
Having the definitions of the left and right connections Dl and Dr in terms of the Levi-Civita
connection∇G, it is very easy to see that this bracketBD coincides with the one defined in Proposition
A.6.
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